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2.1.1 ( ) F V F ∩V = φ
f ∈ F ( ) n(≥ 0) arity(f)
T (F, V )
• x ∈ V x ∈ T (F, V )
• f ∈ F, arity(f) = n, t1, t2, . . . , tn ∈ T (F, V ) f(t1, t2, . . . tn) ∈ T (F, V )
arity(f) = 0 f s, t
s ≡ t t V ar(t)
t Fun(t) t
root(t)
2.1.2 ( ) 2 F C ∈ T (F ∪{2}, V )
n 2 C 2 t1, t2, . . . , tn
C[t1, t2, . . . , tn] 2 C[ ] t ≡ C[s]
s t s ⊆ t C[ ] 6≡ 2 s ⊂ t
3
2.1.3 ( ) θ θˆ
θˆ(t) =
{
θ(x) if t ≡ x ∈ V
f(θˆ(t1), θˆ(t2), . . . , θˆ(tn)) if t ≡ f(t1, t2, . . . , tn) f ∈ F
θ θˆ θ(t) tθ
2.2
2.2.1 ( ) 〈l, r〉 l → r
• l 6∈ V
• V ar(r) ⊆ V ar(l)




⇐⇒ ∃l → r ∈ R, ∃C[ ], ∃θ, s ≡ C[lθ] t ≡ C[rθ]
R →R → →R
∗
→R R t t
s
∗
→R t t t s R
s s ↓R
2.2.3 ( ) R −→‖ R
s −→‖ R t
def
⇐⇒
∃C[, . . . , ], s ≡ C[A1, . . . , An] t ≡ C[B1, . . . , Bn] Ai →R Bi(1 ≤ i ≤ n)
R −→‖ R −→‖
R = {F (x) → G(x)} H(F (x), F (y)) −→‖ R
H(G(x), G(y))
4
2.2.4 ( ) R −→◦ R
s −→◦ R t
def
⇐⇒
• s ≡ t
• ∃l → r ∈ R, ∃C[ ], ∃θ = {x1 := s1, . . . , xn := sn}, ∃θ
′ = {x1 := t1, . . . , xn := tn}
si −→◦ R ti(1 ≤ i ≤ n), s ≡ C[lθ], t ≡ C[rθ
′]
R −→◦ R −→◦ DevR(t) = {t
′|t −→◦ R t
′}
R = {F (x)→ G(x, x), I(x)→ J(x)} F (I(A)) −→◦ R
G(J(A), J(A)) DevR(F (I(A))) = {F (I(A)), F (J(A)), G(I(A), I(A)),
G(J(A), I(A)), G(I(A), J(A)), G(J(A), J(A))}
2.2.5 ( ) s, t sθ ≡ tθ θ s, t
θ s, t θ′
θ′′ θ′ = θ′′ ◦ θ θ
2.2.6 ( ) R1, R2 l1 → r1 ∈ R1, l2 →




2 6∈ V C l1 l
′
2
l1 → r1 l2 → r2 l1 l
′
2 θ
〈C[r1]θ, r2θ〉 l1 → r1 l2 → r2 C[ ] 6≡ 2
C[ ] ≡ 2 l1 → r1 l2 → r2
C[ ] 6≡ 2
l1 → r1 ∈ R1 l2 → r2 ∈ R2 CP (R1, R2)
CPin(R1, R2) CPout(R1, R2) CP (R1, R2) = CPin(R1, R2)∪
CPout(R1, R2)
R R R
CP (R) (= CP (R, R)) R CPin(R)(=










F (G(x)) → F (F (x))
CPin(R1, R2) = {〈F (I(x)), F (F (H(x)))〉}, CPout(R1, R2) = {〈I(G(x)), F (F (x))〉},
CPin(R2, R1) = ∅, CPout(R2, R1) = {〈F (F (x)), I(G(x))〉}
R = R1 ∪ R2 CPin(R) = {〈F (I(x)), F (F (H(x)))〉}, CPout(R) =
{〈F (F (x)), I(G(x))〉, 〈I(G(x)), F (F (x))〉}
2.2.7 ( ) t t
2.2.8 ( ) R l → r ∈ R l
R
2.2.9 ( ) R t0 → t1 → t2 →
. . . R
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3.1.1 (Knuth-Bendix ) R








W (W (x)) → W (x)
B(S(x)) → W (x)
W (B(x)) → B(x)
R CP (R) = {〈W (B(x)), W (B(x))〉, 〈W (W (x)), B(S(x))〉}
W (B(x)) ≡ W (B(x)), W (W (x)) ↓R≡ W (x) ≡ B(S(x)) ↓R
Knuth-Bendix R




D(D(x, y), z) → D(x, D(y, z))
D(E, x) → x
D(I(x), x) → E
R CP (R) = {〈D(y, z), D(E, D(y, z))〉, 〈D(E, z),
D(I(x), D(x, z))〉} D(y, z) ↓R≡ D(y, z) ≡ D(E, D(y, z)) ↓R , D(E, z) ↓R
6≡D(I(x), D(x, z)) ↓R Knuth-Bendix
R




P (x) → Q(x)
P (x) → R(x)
Q(x) → S(P (x))
R(x) → S(P (x))










3.1.5 (Oostrom (1)) R
R
• ∀〈c1, c2〉 ∈ CPout(R), ∃s, c1 −→◦ s
∗
← c2






← c2 s←−◦ c2 Oostrom
3.1.6 (Oostrom (2)) R
R
• ∀〈c1, c2〉 ∈ CPout(R), ∃s, c1 −→◦ s←−◦ c2
• ∀〈c1, c2〉 ∈ CPin(R), c1 −→◦ c2
Oostrom




P (x) → Q(x)
P (x) → R(x)
Q(x) → S(P (x))






CPout(R) = {〈Q(x), R(x)〉, 〈R(x), Q(x)〉}
Q(x) −→◦ S(P (x))←−◦ R(x) Oostrom
R




F (x, A(G(x))) → G(F (x, x))






















• 〈c1, c2〉 ∈ CP (R) c1 ↓R≡ c2 ↓R






• R l → r l 2.
• l R l → r
2. 〈c1, c2〉 ∈ CPin(R)
• ∀〈c1, c2〉 ∈ CPin(R), c2 ∈ DevR(c1) 3.
• ∃〈c1, c2〉 ∈ CPin(R), c2 6∈ DevR(c1)
3. 〈c1, c2〉 ∈ CPout(R)
• ∀〈c1, c2〉 ∈ CPout(R), DevR(c1) ∩DevR(c2) 6= ∅

























Standard ML of New Jersey
[ x | P (x) ] P (x)
x [ x | 0 < x < 5, x ] [1, 2, 3, 4]
x ∈ [x1, x2, . . . , xn] x ≡ xi(1 ≤ i ≤ n) xi
2 ∈ [1, 2, 3, 4] xs1 ∩ xs2 xs1, xs2
[ x | x ∈ xs1 x ∈ xs2 ] [1, 3, 4] ∩ [2, 4] = [4]
xs1\xs2 xs1, xs2 [ x | x ∈ xs1 x 6∈ xs2 ]
[1, 3, 4]\[2, 4] = [1, 3]







: • rs crcheck (rs)
– crcheck (rs) = CR
– crcheck (rs) = NONCR
– crcheck (rs) = FAILED
1. • sncheck (rs) = true 2-1.
• sncheck (rs) = false 2-2.
2-1. • wcrcheck (rs) = true crcheck (rs) := CR
• wcrcheck (rs) = false crcheck (rs) := NONCR
2-2. • oostromcheck (rs) = CR crcheck (rs) := CR
• oostromcheck (rs) = FAILED crcheck (rs) := FAILED
I oostromcheck (rs) oostromcheck (rs)
rs Oostrom
develop (t, rs) t rs
: • rs
: • Oostrom oostromcheck (rs)
– oostromcheck (rs) = CR
– oostromcheck (rs) = FAILED
14
1. rs0 := rs
• rs0 = [ ] 2.
• rs0 = (r, l) :: rs0′ vs := (var r) (A)
(var r) r
(A) – vs = [ ] rs0 := rs0′ 1.
– vs = v′ :: vs′
∗ v′ ∈ vs′ oostromcheck (rs) := FAILED
∗ v′ 6∈ vs′ vs := vs′ (A)
2. cpin rs cps := cpin
(B) – cps = [ ] 3.
– cps = (c1, c2) :: cps′
∗ c2 ∈ develop (c1, rs) cps := cps′ (B)
∗ c2 6∈ develop (c1, rs) oostromcheck (rs) := FAILED
3. cpout rs cps := cpout
(C) – cps = [ ] oostromcheck (rs) := CR
– cps = (c1, c2) :: cps′
∗ develop (c1, rs)∩ develop (c2, rs) 6= [ ] cps := cps′
(C)









4.1.1 ( ) R1, R2 F (R1)∩F (R2) = φ
R1 R2 R1∪R2 R1⊕R2 ∀Ri, Rj, Ri⊕Rj(1 ≤
i 6= j ≤ n) R1 ⊕ R2 ⊕ · · · ⊕ Rn R
R = R1 ⊕ R2 ⊕ · · · ⊕ Rn R1, R2, . . . , Rn
R1, R2, . . . , Rn
[26]
4.1.2 R1⊕R2⊕· · ·⊕Rn
R1, R2, . . . , Rn
16




F (x, A(G(x))) → G(F (x, x))










F (x, A(G(x))) → G(F (x, x))






R1, R2 (R = R1 ⊕R2)
• R1 CP (R1) = {〈F (x, G(x)), G(F (x, x))〉}
F (x, G(x)) ↓R1≡ G(F (x, x)) ↓R1 Knuth-Bendix
R1
• R2 Knuth-Bendix









F (G(x), x) → H(G(x))

























1. R = {l1 → r1, . . . ln → rn}
R1 = {l1 → r1}, . . . , Rn = {ln → rn} (R =
R1 ∪R2 ∪ · · · ∪ Rn) RS {R1, R2, . . . , Rn} 2.
2.
• Ri, Rj ∈ RS (i 6= j) Fi ∩ Fj 6= φ
RS := (RS − {Ri, Rj}) ∪ {Ri ∪Rj} 2.
• Fi ∩ Fj 6= φ Ri, Rj ∈ RS (i 6= j) RS =
{R′1, R
′
2, . . . , R
′
k} 3.
R = R′1 ⊕ R
′





2, . . . , R
′
k(∈ RS)
• R′i(1 ≤ i ≤ k)




Standard ML of New Jersey
I djcrcheck (rs) djcrcheck (rs)
rs1, rs2, . . . , rsn
: • rs
: • djcrcheck (rs)
– djcrcheck (rs) = CR
– djcrcheck (rs) = NONCR
– djcrcheck (rs) = FAILED
1. rss := djdecompose (rs)
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = CR ] = rss
djcrcheck (rs) := CR
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = NONCR ] 6= [ ]
djcrcheck (rs) := NONCR
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = CR ] 6= rss ∧
[ rs0 | rs0 ∈ rss, crcheck (rs0) = NONCR ] = [ ]
djcrcheck (rs) := FAILED
20
I djdecompose (rs) djdecompose (rs)
rs
: • rs
: • djdecompose (rs)
1. rs′ := [(hd rs)], rssa := [ [r] | r ∈ (tl rs) ], rssb := [ ], rss := [ ]
(A)
(A) • (rssa = [ ]) ∧ (rssb = [ ]) djdecompose (rs) := rs′ :: rss
• (rssa = [ ]) ∧ (rssb = rsb :: rssb′) rss := rs′ :: rss, rs′ := rsb,
rssa := rssb′, rssb := [ ] (A) rs′
• rssa = rsa :: rssa′
– rs′ rsa rssa := rssa′, rssb := rsa ::
rssb (A)
– rs′ rsa rs′ := rs′@rsa, rssa :=





{root(l)|l → r ∈ R} ∪ {root(r)|l → r ∈ R} D({l → r})
D(l → r) F ({l → r}) F (l → r)
5.1.1 ( ) R1, R2(R1\R2 6= ∅, R2\R1 6= ∅)
F (R1 ∪R2) = D1 ]D2 ]C R1
R2 R1 ∪R2 R1 d R2
(1) ∀l → r ∈ R1\R2, D(l→ r) ⊆ D1 F (l → r) ⊆ D1 ∪ C
(2) ∀l → r ∈ R2\R1, D(l→ r) ⊆ D2 F (l → r) ⊆ D2 ∪ C
(3) ∀l → r ∈ R1 ∩R2, F (l→ r) ⊆ C
∀Ri, Rj, Ri dRj(1 ≤ i 6= j ≤ n) R1 dR2 d · · ·dRn
R R = R1 d R2 d · · ·d Rn
R1, R2, . . . , Rn Ri d Rj Ri d Rk
Ri d (Rj ∪Rk)
22
[19]
5.1.2 R1 d R2 d · · ·d Rn
R1, R2, . . . , Rn




F (G(x), x) → H(G(x))





Oostrom R = Ra ⊕ Rb
Ra, Rb




F (G(x), x) → H(G(x))






















〈J(S(x)), I(S(x))〉 ∈ CPin(R) J(S(x)) −→◦ R I(S(x))
Knuth-Bendix Oostrom
R = Ra ⊕ Rb Ra, Rb








R R = R1 d R2 d · · · d Rn(n ≥ 2)
R1, R2, . . . , Rn
R
5.1.5 RA, RB(RA\RB 6= ∅, RB\RA 6= ∅)
RA d RB Rs = RA ∩RB, R1 = RA\RB, R2 = RB\RA
(a) ∀i ∈ {1, 2}, D(Ri) ⊆ F
(b) ∀i, j ∈ {1, 2}, F (Ri) ∩D(Rj) = ∅, i 6= j
(c) ∀i ∈ {1, 2}, F (Rs) ∩D(Ri) = ∅
( ) (⇒) (a) D(R1) = D(RA\RB) D(R1) ⊆ D1 ⊆ F D(R2) ⊆
F (b) F (R1) = F (RA\RB) ⊆ D1 ∪ C F (R1) ∩ D2 = ∅ D(R2) ⊆ D2
F (R1)∩D(R2) = ∅ F (R2)∩D(R1) = ∅ (c) l → r ∈ Rs = RA∩RB
(3) F (l → r) ⊆ C F (l → r) ∩ (D1 ∪D2) = ∅ D(Ri) ⊆ Di(i = 1, 2)
∀i ∈ {1, 2}, F (l→ r) ∩D(Ri) = ∅
(⇐) Di = D(Ri)(i = 1, 2), C = F (R1 ∪ R2)\(D1 ∪ D2) (1)(2) ∀l → r ∈
Ri, D(l → r) ⊆ Di ∀l → r ∈ RA\RB = R1, D(l → r) ⊆ D1,
∀l → r ∈ RB\RA = R2, D(l → r) ⊆ D2 li → ri ∈ Ri, {i, j} = {1, 2}
F (li → ri) ⊆ F (Ri) F (Ri)∩D(Rj) = F (Ri)∩Dj = ∅ F (li → ri)∩Dj = ∅
F (li → ri) ⊆ F\Dj = Di ∪C (3) l → r ∈ RA ∩RB = Rs F (Rs)∩Di =
F (Rs)∩D(Ri) = ∅(i ∈ {1, 2}) F (l→ r)∩(D1∪D2) = ∅ F (l→ r) ⊆ C
2
F (li → ri) ∩D(lj → rj) 6= ∅ (li → ri) 7→ (lj → rj)
l → r, l′ → r′ l → r R l
′ → r′ l → r
l′ → r′ ∃l1 → r1, . . . , ln → rn ∈ R(0 ≤ n), (l → r) 7→
(l1 → r1) 7→ . . . 7→ (ln → rn) 7→ (l
′ → r′) R
SS(R), S(R) SS(R) = {l → r ∈ R|r ∈ V } S(R) = SS(R)∪{l →
r ∈ R|∃ls → rs ∈ SS(R), ls → rs R l → r} ∃la → ra, la → ra R l → r
la → ra R l
′ → r′ l → r ∼R l
′ → r′
25
5.1.6 R R = R1 d · · · d Rn
l → r, l′ → r′ ∈ R l → r R l
′ → r′ ∀1 ≤ i ≤ n, (l →
r ∈ Ri ⇒ l
′ → r′ ∈ Ri)
( ) l → r ∈ Ri, l
′ → r′ ∈ R, l1 → r1, . . . , ln → rn ∈ R(0 ≤ n), (l → r) 7→ (l1 →
r1) 7→ . . . 7→ (ln → rn) 7→ (l
′ → r′) l1 → r1 ∈ Rj(i 6= j)
F (Ri) ∩D(Rj) 6= ∅ 5.1.5(b) l1 → r1 ∈ Ri
l′ → r′ ∈ Ri 2
5.1.7 R R = R1 d R2
∀i ∈ {1, 2}, S(R) ⊆ Ri
( ) Rs = R1∩R2, R
′
1 = R1\R2, R
′
2 = R2\R1 5.1.5(a) SS(R) ⊆ Rs
Rss = {l → r ∈ R|(l
′ → r′) 7→ (l → r), l′ → r′ ∈ SS(R)}
5.1.5(c) Rss ⊆ Rs R
′
ss = {l → r ∈ R|(l
′ → r′) 7→ (l → r), l′ → r′ ∈
Rss} 5.1.5(c) R
′
ss ⊆ Rs S(R) ⊆ Rs
∀i ∈ {1, 2}, S(R) ⊆ Ri 2
5.1.8 R = S(R) ] R′ R′ = R1 ∪ · · · ∪ Rn(∀i, j, Ri\Rj 6=
∅(1 ≤ i 6= j ≤ n)) R = (R1 ∪ S(R))∪ · · · ∪ (Rn ∪ S(R)) R
• ∀l → r, l′ → r′ ∈ R′,
(l → r ∼R′ l
′ → r′)⇒ (∀1 ≤ i ≤ n, l → r ∈ Ri ⇔ l
′ → r′ ∈ Ri)
( ) R′i = Ri∪S(R), R
′











i (RI ∩ RJ = ∅, RI ∩ Rs = ∅, RJ ∩ Rs = ∅, S(R) ⊆ Rs )
5.1.5 (a)(b)(c)
(a) SS(R) ⊆ S(R) ⊆ Rs RI ∩ SS(R) = ∅, RJ ∩ SS(R) = ∅ D(RI) ⊆
F, D(RJ) ⊆ F (b) lI → rI ∈ RI , lJ → rJ ∈ RJ F (lI → rI) ∩D(lJ → rJ) 6= ∅
lI → rI ∼R′ lJ → rJ lI → rI ∈ R
′
i\Rs lI → rI ∈ Ri
lJ → rJ ∈ Ri(⊆ R
′
i) lJ → rJ ∈ RJ lJ → rJ 6∈ Rs
lJ → rJ ∈ R
′
j lJ → rJ ∈ Rs RI ∩ Rs = ∅
F (RI) ∩D(RJ) = ∅ D(RI) ∩ F (RJ) = ∅ (c) ls → rs ∈ Rs, lI → rI ∈ RI
F (ls → rs) ∩ D(lI → rI) 6= ∅ ls → rs ∈ S(R) S(R)
lI → rI ∈ S(R) S(R) ⊆ Rs lI → rI ∈ Rs RI ∩ Rs = ∅
26
ls → rs 6∈ S(R) ls → rs ∼R′ lI → rI ls → rs ∈ Rs ⊆ RJ
ls → rs ∈ Rj lI → rI ∈ Rj(⊆ R
′
j) lI → rI ∈ RI
lI → rI 6∈ Rs lI → rI ∈ R
′
i lI → rI ∈ Rs RI ∩ Rs = ∅
F (Rs) ∩D(RI) = ∅ F (Rs) ∩D(RJ) = ∅ 2
5.1.9 R = S(R) ] R′ R′ = R1 ∪ · · · ∪ Rn(∀i, j, Ri\Rj 6=
∅(1 ≤ i 6= j ≤ n)) R = (R1 ∪ S(R))∪ · · · ∪ (Rn ∪ S(R)) R
• ∀l → r, l′ → r′ ∈ R′,
(l → r ∼R′ l
′ → r′)⇔ (∀1 ≤ i ≤ n, l → r ∈ Ri ⇔ l
′ → r′ ∈ Ri)
( ) 5.1.8 R = (R1∪S(R))∪· · ·∪(Rn∪S(R)) R
Ri∪S(R) = Ri1dRi2 5.1.7
S(R) ⊆ Ri1 S(R) ⊆ Ri2 Ri1 = R
′
i1 ] S(R), Ri2 = R
′





R′i1 6= ∅, R
′














l1 → r1, l2 → r2 ∈ Ri l1 → r1 ∼R′ l2 → r2 ∃l → r ∈ R
′, l → r R′
l1 → r1, l → r R′ l2 → r2 l → r ∈ Ri l → r ∈ R
′
i1
5.1.6 l1 → r1 ∈ R
′
i1 l2 → r2 ∈ R
′
i1 l → r ∈ R
′
i2
5.1.6 l1 → r1 ∈ R
′
i2 l2 → r2 ∈ R
′







l2 → r2 ∈ R
′










i2) l1 → r1 ∈ R
′
i2



























1. R S(R) R
Rsingle = R\S(R)
2. Rset = ∅, Rrest = Rsingle







• Rrest 6= ∅ lb → rb ∈ Rrest, Ri = {li → ri ∈ Rsingle|lb → rb Rsingle
li → ri} Rset









• R′i(1 ≤ i ≤ k)




Standard ML of New Jersey
I layercrcheck (rs) layercrcheck (rs)
rs
rs1, rs2, . . . , rsn
: • rs
: • layercrcheck (rs)
– layercrcheck (rs) = CR
– layercrcheck (rs) = NONCR
– layercrcheck (rs) = FAILED
1. R rss = layerdecompose(rs)
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = CR ] = rss
layercrcheck (rs) = CR
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = NONCR ] 6= [ ]
layercrcheck (rs) = NONCR
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = CR ] 6= rss ∧
[ rs0 | rs0 ∈ rss, crcheck (rs0) = NONCR ] = [ ]
layercrcheck (rs) = FAILED
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I layerdecompose (rs) layerdecompose (rs)
rs
: • rs
: • rs layerdecompose (rs)
1. rsa := [l → r ∈ rs|r ∈ V ], rsb := rs\rsa (A)
(A) rsc := [lb → rb ∈ rsb|∃la → la ∈ rsa, F (la → la) ∩D(lb → rb) 6= ∅]
• rsc = [ ] rsc\rsa = [ ] rsshare := rsa, rssingle := rsb
2.
• rsa := rsa ∪ rsc, rsb := rsb\rsc (A)
2. rss := [ ], rsrest := rssingle (i)
(i) • rsrest = [ ] layerdecompose (rs) := [rsi@rsshare|rsi ∈ rss
∀rsi′ ∈ rss\[rsi], rsi 6⊆ rsi′]
• rsrest = (lb → rb) :: rsrest
′ rsi := [lb → rb] (B)
(B) rsj := [l → r ∈ rssingle|∃li → ri ∈ rsi, F (li → ri) ∩D(l → r) 6= ∅]
– rsj = [ ] rsj\rsi = [ ] rss := rsi :: rss, rsrest :=
rsrest\rsi (i)




6.1.1 ( ) R1, R2









R1 R2 R1∪R2 R1tR2 ∀Ri, Rj, Rit
Rj(1 ≤ i 6= j ≤ n) R1tR2t· · ·tRn R
R = R1 tR2 t · · · tRn R1, R2, . . . , Rn
Ri t Rj Ri t Rk Ri t (Rj ∪Rk)
[27]
6.1.2 R1, R2, . . . , Rn




1. ∀〈c1, c2〉 ∈ CPin(R1, R2), c1 −→◦ R2 c2
2. ∀〈c2, c1〉 ∈ CP (R2, R1), ∃s, c2 −→◦ R1 s
∗
←R2 c1
( ) [27] 3.1 −→‖ −→◦






←R2 c1 s←−◦ R2 c1
6.1.4 ( ) R1, R2
1. ∀〈c1, c2〉 ∈ CPin(R1, R2), c1 −→◦ R2 c2










CPin(R1, R2) = ∅, CP (R2, R1) = {〈H(I(J(x))), K(J(x))〉,
〈J(K(J(x))), K(J(x))〉} H(I(J(x))) −→◦ R1 K(J(K(J(x))))←−◦ R2 K(J(x)),





R R = R1 tR2 t · · · tRn(n ≥ 2)





























R21 R22 R21 R23
























1. R DecR = {R1, . . . , Rk}(R = R1 ] · · · ] Rk)
Ri, Rj ∈ DecR 6.1.3
1.2. (ci, cj) ∈ CP (R)
DecR
(a) (ci, cj) ∈ CPout({ri}, {rj}) ⊆ CP (R)
• ∃Rk ∈ DecR, ri ∈ Rk rj ∈ Rk
• ∃Rk, Rl ∈ DecR(k 6= l), ri, r
′
1, . . . , r
′
n ∈ Rk, rj, r1, . . . , rm ∈ Rl
ci −→◦ {r1,...,rm} t ←−◦ {r′1,...,r′n} cj(r1, . . . , rm, r
′
1, . . . , rn ∈ R) t
(b) (ci, cj) ∈ CPin({ri}, {rj}) ⊆ CP (R)
• ∃Rk ∈ DecR, ri ∈ Rk rj ∈ Rk
• ∃Rk ∈ DecR, rj, r1, . . . , rm ∈ Rk ri 6∈ Rk
ci −→◦ {r1,...,rm} cj(r1, . . . , rm,∈ R)
• ∃Rk, Rl ∈ DecR(k 6= l), ri, r
′
1, . . . , r
′









j) ∈ CP (Rl, Rk)
ci −→◦ {r1,...,rm} t ←−◦ {r′1,...,r′n} cj(r1, . . . , rm, r
′
1, . . . , rn ∈ R, n > 0) t
2. (ci, cj) ∈ CP (R) 1. DecR R
DecR DECOMS(R)
{DecR ∈ DECOMS(R)|¬∃DecR′ ∈ DECOMS(R), ∀R′ ∈ DecR′, ∃R ∈








F (H(x), y) → G(H(x))
H(I(x)) → I(x)









F (I(x), y) → G(I(x))














′ (R′ = Ri1tRi2t· · ·tRip
Ri1, Ri2, . . . , Rip ∈ RS−{Rk}) R
′ R′k




R′ RSS ′ = RSS − {R1, R2, . . . , Rn}
RSS 3.
R

















R1:¬ ,(R1 ∪R4 ∪R5):
www
(R1 ∪R4 ∪R5) R2 R3 R6
R3:¬ ,(R2 ∪R3):
www
(R1 ∪R4 ∪R5) (R2 ∪R3) R6
6.3:
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R = Ra⊕Rb Ra, Rb













(R = R1 t R2 t R3)
R1, R3 Oostrom R2 Knuth-Bendix
R
6.3
I comcrcheck (rs) comcrcheck (rs)





– comcrcheck (rs) = CR
– comcrcheck (rs) = FAILED
1. domdecs := comdecompose(rs) 2.
comdecompose(rs) rs
2. • comdecs = ∅ comcrcheck(rs) := FAILED
• comdecs 6= ∅ 3.
rss := (hd comdecs) comdecs′ := (tl comdecs)
rss
rss := [rsf | rsf ∈ rss, crcheck(rsf) 6= CR]
@[rst | rst ∈ rss, crcheck(rst) = CR]
3. rs′ := (hd rss), rss0 := (tl rss) rss 2.
(a) rss1 := [ ], rss2 := [ ]
rssps rss0
(rss1, rss2)
• rss0 = [ ] rssps := (rss1, rss2) (b)
• rss0 = rs0 :: rss0′ rssps := rssps1@rssps2 (b)
rss0 := rss0′, rss1 := [rs]@rss1 (a)
rssps1 rss0 := rss0′, rss2 := [rs]@rss2 (a)
rssps2
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(b) • rssps = [ ] comdecs := comdecs′ 3.
• rssps = (rss1, rss2) :: rssps′
– crcheck(rs′) = CR comcrcheck (rs) := CR
– crcheck(rs′) 6= CR
∗ crcheck(concat([rs′]@rss1)) = CR
i. rs′ := (hd rss2), rss0 := (tl rss2)@(concat([rs′]@rss1))
3. CR comcrcheck (rs) := CR
ii. rs′ := (hd rss2), rss0 := (tl rss2)@(concat([rs′]@rss1))
3. CR rssps := rssps′
(b)
∗ crcheck(concat([rs′]@rss1)) 6= CR rssps := rssps′
(b)
listl, concat listl [x1, x2, . . . , xn] = [ [x1], [x2], . . . , [xn] ],
concat [ [x1], [x2], . . . , [xn] ] = [x1, x2, . . . , xn]
I comdecompose(rs) comdecompose(rs)
rs [[rs11, rs12, . . . , rs1m], . . . , [rsn1, rsn2, . . . , rsnm]]
: • rs
: • rs comdempose (rs)
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1. rs = [r1, r2, . . . , rn] nrs := [(1, r1), (2, r2), . . . , (n, rn)]
2.
2. R ncps ncps := ncpsin(rs)@ncpsout(rs) 3.
( ncpsin(rs) rs (IN, i, j, ci, cj)
i j 〈ci, cj〉 ncpsout(rs) rs
(OUT, i, j, ci, cj) i j
〈ci, cj〉 )
3. R cond 4.
( develop(i, ci) ci rs− [ri] ti
nsi )
cond := [(side, i, j, [(nsi, nsj)|∃t, (nsi, t) ∈ develop(i, ci), (nsj, t) ∈ develop(j, cj)]
|(side, i, j, ci, cj) ∈ ncps]]
4. rest := [([ ], [ ], [ ])]
(a) cond = (side, i, j, nspair) :: cond′ newrest := [ ]
cond = [ ] comset := [S|(S, D, I) ∈ rest] 5.
(A) • nspair = [ ] rest := [(join([S ∪ [i, j]]), D, I)|(S, D, I) ∈ rest]
@newrest (b)
• nspair = (nsi, nsj) :: nspair′
– side = IN
∗ nsj = [ ] newrest := [(join([S ∪ [i :: nsj, j :: nsi]), D ∪
(i, j), I)| (S, D, I) ∈ rest]@newrest (A)
∗ nsj 6= [ ] newrest := [(join([S ∪ [i :: nsj, j :: nsi]), D ∪
(i, j), I ∪ [(i, j)])|(S, D, I) ∈ rest]@newrest (A)
– side = OUT





−[(S, D, I) ∈ rest|∃(n1, n2) ∈ D, n1 ∈ nsi, n2 ∈ nsj, nsi, nsj ∈ S, nsi 6= nsj]
−[(S, D, I) ∈ rest|∃(n1, n2), (n3, n4) ∈ I, n1, n4 ∈ nsi, n2, n3 ∈ nsj,
nsi, nsj ∈ S, nsi 6= nsj]
cond := cond′ (a)
5.
mcomset := [S ∈ comset|¬∃S ′ ∈ comset, ∀ns′ ∈ S ′, ∃ns ∈ S, ns′ ⊆ ns]
6. rcom(nss) = [[r|(n, r) ∈ nrs, n ∈ ns]|ns ∈ nss] ∪ [[r]|(n, r) ∈ nrs, ∀ns ∈
nss, n 6∈ ns]
comdecompose (rs) := [rcom(nss)|nss ∈ mcomset]
join(nss) nss
• nsi ∩ nsj 6= [ ] nsi, nsj ∈ nss nss := (nss − [nsi, nsj]) ∪
[nsi ∪ nsj]











2. R R = R1 ⊕ R2 ⊕ · · · ⊕Rn(n ≥ 1)
2-1. Ri(1 ≤ i ≤ n)
(a) Ri
(b) Ri






3. Ri Ri = Ri1 d Ri2 d · · · d Rim(m ≥ 1)
3-1. Rij(1 ≤ i ≤ m)
(a) Rij
(b) Rij





4. Rij Rij = Rij1 tRij2 t · · · tRijp(p ≥ 1)

































D(x, x) → x
F (G(x), x) → H(G(x))













F (G(x), x) → H(G(x))












F (G(x), x) → H(G(x))

























3 R2bα, R2bβ, R2bγ (R2b =











: • djlayercomcrcheck (rs)
– djlayercomcrcheck (rs) = CR
– djlayercomcrcheck (rs) = NONCR
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– djlayercomcrcheck (rs) = FAILED
1. • crcheck (rs) = CR djlayercomcrcheck (rs) = CR
• crcheck (rs) = NONCR djlayercomcrcheck (rs) = NONCR
• crcheck (rs) = FAILED 2.
2. rs rss = djdecompose (rs)
• [ rs0 ∈ rss | crcheck (rs0) = CR layercomcrcheck (rs0) = CR ] = rss
djlayercomcrcheck (rs) = CR
• [rs0 ∈ rss|crcheck(rs0) = NONCR layercomcrcheck(rs0) = NONCR]
6= [ ] djlayercomcrcheck (rs) = NONCR
• [ rs0 ∈ rss | crcheck (rs0) = CR layercomcrcheck (rs0) = CR ] 6= rss∧
[rs0 ∈ rss|crcheck(rs0) = NONCR layercomcrcheck(rs0) = NONCR]
= [ ] djlayercomcrcheck (rs) = FAILED
3. layercomcrcheck (rs′) rs′ rss′ = layerdecompose (rs′)
• [ rs0 ∈ rss′ | crcheck (rs0) = CR comcrcheck (rs0) = CR ] = rss′
layercomcrcheck (rs) = CR
• [ rs0 ∈ rss′ | crcheck (rs0) = NONCR ] 6= [ ]
layercomcrcheck (rs) = NONCR
• [ rs0 ∈ rss′ | crcheck (rs0) = CR comcrcheck (rs0) = CR ] 6= rss′ ∧
[ rs0 ∈ rss′ | crcheck (rs0) = NONCR ] = [ ]






















3 + AC FAILED
4 + C FAILED
5 [1] 6 FAILED
6 [5] p.204 FAILED
7 [5] p.209 CR
8 [8] 5 CR
9 [9] R′2 FAILED
10 [10] 1 FAILED
11 [10] 2 FAILED
12 [11] 2 CR
13 [11] 6 CR
14 [11] 7 CR
15 [11] 8 CR
16 [11] 9 CR
17 [12] 2.2.28 CR
18 [12] p.28 CR
19 [12] 3.4.23 CR
20 [12] 3.5.7 CR
21 [13] 1 FAILED
22 [13] 2 FAILED
23 [13] 5 FAILED
24 [13] 6 CR
25 [15] P.811 b CR
26 [15] p.814 CR
27 [15] p.816 CR
28 [16] CL+Dh(,) CR
29 [16] CL+B(,,) CR
30 [17] 1 CR
31 [18] 10 FAILED
32 [19] 4.4.3 CR
33 [20] 4.4 CR
34 [21] p.14 R1 CR
35 [21] p.14 R2 CR
36 [21] p.14 R3 CR
37 [22] 1 CR
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( )
38 [23] 12.1 FAILED
39 [23] 12.2 FAILED
40 [23] 12.4 FAILED
41 [24] 2 FAILED
42 [24] 3 CR
43 [25] (abstract) CR
44 [25] 4.2 CR
45 [25] 5.1 CR
46 [27] 3.3 CR
47 [28] 1 CR
48 [28] 2 CR
49 [28] 3 FAILED
50 [29] 6 FAILED
( )
51 [6] p.287 FAILED
52 [9] R2 FAILED
53 [9] R6 FAILED
54 [11] 3 NONCR
55 [11] 4 NONCR
56 [12] 3.3.1 FAILED
57 [12] 3.3.2 FAILED
58 [13] 3 FAILED
59 [15] p.811 FAILED
60 [15] p.811 a NONCR
61 [15] p.813 FAILED
62 [15] p.813 FAILED
63 [15] p.814 FAILED
64 [16] CL+Dk FAILED
65 [16] CL+Ds FAILED
66 [16] CL+SP FAILED
67 [16] CL+Dh FAILED
68 [16] CL+B FAILED
69 [19] 4.2.2 NONCR
70 [20] 5.12 FAILED
71 [22] 2 FAILED
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Pos(M) M PosV (M) M PosF (M)
M ε u.v u v v\u v.w = u
w u ≤ v u.w = v w u⊥v v 6≤ u
u 6≤ v u⊥v max(u, v) u ≤ v max(u, v) = v
u > v max(u, v) = u M σ Mσ
M(σρ) = (Mσ)ρ M N mgu(M, N)
A.1 ( , ) (1) u l
M Pat(M) = {〈u, l〉 | ∃σ.lσ = M |u, u ∈ Pos(M)}
(2) l 6∈ V, V (l) ⊇ V (r), l : ,〈u, l〉 ∈ Pat(M) 〈u, l → r〉
M Red(M) = {〈u, l→ r〉 | 〈u, l〉 ∈
Pat(M), V (l) ⊇ V (r), l 6∈ V }
〈u, l→ r〉 〈u, l〉
u¯ = 〈u, l1〉, v¯ = 〈v, l2〉 max(u¯, v¯) = max(u, v) PosF (〈u, l〉) = {u.p |
p ∈ PosF (l)} u¯ ∈ Pat(M) PosF (u¯) ⊆ PosF (M)
U ⊆ Pat(M) PosF (U) =
⋃
u¯∈U PosF (u¯)
u¯ = 〈u, l〉 u¯|v = 〈v\u, l〉 u¯|
v = 〈v.u, l〉
U U |v = {〈v\u, l〉 | 〈u, l〉 ∈ U u ≥ v} U |
v = {〈v.u, l〉 |
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〈u, l〉 ∈ U} v¯, u¯ ∈ Pat(M) PosF (v¯, u¯) = PosF (v¯) ∩ PosF (u¯)
V, U ⊆ Pat(M) PosF (V, U) =
⋃
v¯∈V,u¯∈U PosF (v¯, u¯)
A.2 ( , , ) (1) u¯, v¯ ∈ Pat(M) (connected)
PosF (u¯, v¯) 6= ∅ (2) U ⊆ Pat(M) (simultaneous)
U 2 U ⊆ Pat(M) U
U↑ ⊆ Pat(M) (3) U, V ⊆ Pat(M) (compatible) U
V U ↑ V
A.3 ( ) u¯ = 〈u, N1〉, v¯ = 〈v, N2〉 ∈ Pat(M) u¯ v¯
v\u ∈ PosF (N2) ∃σ.N1σ = N2|v\uσ u¯ # v¯
M 〈v, N2σ〉 ( σ = mgu(N1, N2|v\u)) 〈u¯; v¯〉
u¯ v¯ u¯ # v¯ v¯ # u¯ u¯ M v¯
〈u¯, v¯〉
A.4 ( ) U↑, V ↑ ⊆ Pat(M), u¯ ∈ U, v¯ ∈ V , u¯ M v¯ u¯′ M v¯′
max(u¯, v¯) < max(u¯′, v¯′) u¯′ ∈ U, v¯′ ∈ V 〈u¯, v¯〉 U
V UNV = {〈u¯, v¯〉 ∈ U × V | 〈u¯, v¯〉 U V }
u¯ # v¯ 〈u¯, v¯〉 ∈ UNV u¯ # v¯ ∈ UNV
( )
A.5 U↑ = U− ] {u¯} ⊆ Pat(M), v¯ ∈ Pat(M), v¯ # u¯ ∈ {v¯}NU
U− ↑ {v¯}
( ) u¯ = 〈u, N〉 ∈ U, u¯′ = 〈u′, N ′〉 ∈ U−, u¯′ M v¯
• u′ ≤ v
v¯ # u¯ u\v ∈ PosF (N) v ∈ PosF (u¯) v¯ # u¯′ u′\v ∈
PosF (N ′) v ∈ PosF (u¯′) v ∈ PosF (u¯, u¯′) 6= ∅ U↑ ⊆
Pat(M)
• u′ > v
max(u¯, v¯) = v < u′ = max(u¯′, v¯), u¯′ M v¯ 〈v¯, u¯〉 ∈ {v¯}NU 2
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A.6 U↑ = U−]{u¯} ⊆ Pat(M), v¯ ∈ Pat(M), v¯ # u¯ ∈ {v¯}NU U− ↑ {〈u¯; v¯〉}
( ) PosF (〈u¯; v¯〉) = PosF (u¯)∪PosF (v¯) A.5 U− ↑ {v¯} U− ↑
{u¯} U− ↑ {〈u¯; v¯〉} 2
A.7 U↑ ⊆ Pat(M), w¯ = 〈w, P 〉 ∈ Pat(M), U ↑ {w¯}, V ↑ ⊆ Pat(P )
U ↑ V |w
( ) z¯ ∈ V PosF (z¯) ⊆ PosF (P ) PosF (z¯|w) ⊆ PosF (w¯)
u¯ ∈ U PosF (u¯, w¯) = ∅ PosF (u¯, z¯|w) = ∅ U ↑ {z¯|w}
U ↑ V |w 2
A.8 u¯ = 〈u, l → r〉 ∈ Red(M), M |u = lσ, N = M [rσ]u A = 〈u¯, M, N〉
A : M
u¯
→ N A : M
u¯
→ N A : M → N
M
u¯
→ N M N
• M : M
∗
→M
• A : M → L ~A : L
∗












u¯2→ · · ·
u¯n→ N, u¯i =





→ M ′ N p w N [Mρ]w
u¯|w
→
N [M ′ρ]w ~A : M
∗
→M ′ N [Mρ]w
∗
→ N [M ′ρ]w
~AN,ρ,w
A.9 ( ) u¯ = 〈u, l1 → r1〉, v¯ = 〈v, l2 → r2〉 ∈ Red(M), A : M
v¯
→ N
A u¯ (residual) u¯\A u¯\A =

{u¯} (u < v u\v 6∈ PosF (l1))
u ⊥ v
∅ (u ≥ v v\u ∈ PosF (l2))
(v > u u\v ∈ PosF (l1))
{〈v.w′.((v.w)\u), l1 → r1〉 | r2/w
′ = l2/w}







R U↑ ⊆ Pat(M)
U\A =
⋃
u¯∈U u¯\A U\A U\v¯
~A =
A1; A2; . . . ; An U\ ~A = U\A1\ . . . \An
A.10 ([30]) U↑ ⊆ Red(M) U (development rewrite
sequence)
• M : M
∗
→M U
• ∃u¯ ∈ U, A1 : M
u¯
→ L ~A2 : L
∗
→ N U\A1
A1; ~A2 : M
∗
→ N U
U ~A : M
∗
→ N U\ ~A = ∅ ~A
(complete development rewrite sequence) ~A : M
U
−→◦ N
A.11 ([4]) U↑ ⊆ Red(M) (1) ~A : M
∗
→ L U
~A; ~B : M
U
−→◦ N ~B : L
∗
→ N (2) ~A : M
U
−→◦ N ~B : M
U
−→◦ L
N = L V ↑ ⊆ Red(M) V \ ~A = V \ ~B
~A : M
U
−→◦ N V \ ~A V \U























A.14 U↑ ⊆ Pat(M), ~A : M
∗
→ N U  ~A
• ~A = M
• ~A = A1; ~A2 A1 : M
v¯
→ L ~A2 : L
∗
→ N U ↑ {v¯} U\v¯  ~A2
A.15 ([21]) M ~A, ~B : M
∗
→M ′ ~AN,ρ,w, ~BN,ρ,w : N [Mρ]w
∗
→
N [M ′ρ]w ~A, ~B U ⊆ Red(N [Mρ]w)− {w¯
′|w |




A.16 U↑ ⊆ Red(M), M
U
−→◦ M ′ N ρ w
(1) U |w↑ ⊆ Red(N [Mρ]w) (2) N [Mρ]w
U |w
−→◦ N [M ′ρ]w
( ) (1) U |w ⊆ Red(N [Mρ]w) 〈z, Z〉 ∈ U 〈z, Z〉 ∈
Red(M) ∃σ.Zσ = M |z (Zσ)ρ = Z(σρ) = N [Mρ]w|w.z 〈w.z, Z〉 ∈
Red(N [Mρ]w) U |
w z¯1, z¯2 ∈ U
PosF (z¯1, z¯2) = ∅ PosF (z¯1|
w, z¯2|




(B.S.) U = ∅ U |w = ∅, M = M ′ N [Mρ]w
U |w
−→◦ N [M ′ρ]w









−→◦ N [M ′ρ]w (U\u¯)|
w = (U |w)\(u¯|w)
z¯ = 〈z, Z〉 ∈ U |w (i) z⊥u z < u z¯\u¯ = {z¯}
(z¯|w)\(u¯|w) = {z¯|w} = (z¯\u¯)|w (ii) z ≥ u ∃p ∈ PosV (l), ∃q, u.p.q = z
z¯\u¯ = {〈u.p′.q, Z〉 | r|p′ = l|p}, (z¯|
w)\(u¯|w) = {〈w.u.p′.q, Z〉 | r|p′ = l|p} = (z¯\u¯)|
w




−→◦ N [M ′ρ]w
A.13 N [Mρ]w
U |w
−→◦ N [M ′ρ]w 2
A.17 U↑ ⊆ Pat(M), w¯ = 〈w, L〉 ∈ Pat(M), U ↑ {w¯}, L
v¯
→ P , w¯′ = 〈w, P 〉
U\(v¯|w) ↑ {w¯′}
( ) u¯ = 〈u, N〉 ∈ U u¯\(v¯|w) ↑ {w¯′} u w
(1) u⊥w u < w u⊥w.v u < w.v
u¯\(v¯|w) = {u¯} u¯\(v¯|w) ↑ {w¯′} (2) w ≤ u U ↑ {w¯}
∃p ∈ PosV (L), ∃q, u = w.p.q u¯\(v¯|w) = {〈w.p′.q, N〉 | L|p = P |p′}
w.p′ ∈ PosV (w¯′) PosF (u¯\(v¯|w), w¯′) = ∅ u¯\(v¯|w) ↑ {w¯′} 2


















→R2 M [Qρ]w, M [Pρ]w
C|w







(3) U−\v¯ ↑ C|w
( ) (1) A.16(1) (2) A.16(2) (3) A.6
U− ↑ {〈w, L〉} L
v¯|w
→ P A.17 U−\v¯ ↑ {〈w, P 〉}
A.7 U−\v¯ ↑ C|w 2
A.19 U↑ ⊆ Pat(M), w¯ = 〈w, L〉 ∈ Pat(M), U ↑ {w¯}, ~A : L
∗
→ P M = M [Lρ]w
U  ~AM,ρ,w
( ) | ~A|
(B.S.) ~A = M
(I.S.) A1 : L
v¯
→ Q ~A2 : Q
∗
→ P ~A = A1; ~A2 {v¯} ↑⊆ Pat(L) A.7
U ↑ {v¯|w} A.17 U\(v¯|w) ↑ {〈w, Q〉} | ~A2| < | ~A|
U\(v¯|w)  ~A2M,ρ,w U  ~AM,ρ,w 2
A.20 U↑ ⊆ Red(M), ~A : M
∗
→R2 M














( ) | ~A|
(B.S.) ~A = M
(I.S.) A1 : M
v¯
→R2 M
′′ ~A2 : M
′′ ∗→R2 M





















U\v¯\ ~A2 = U\ ~A 2
A.21,
A.22 A.23
A.21 V ↑ = V − ] {v¯} ⊆ Red(M), u¯ ∈ Red(M), v¯ # u¯ ∈ V N{u¯}, 〈v¯; u¯〉 = w¯ =
〈w, L〉, L
v¯|w
→ P , w¯′ = 〈w, P 〉 PosF (V −, {w¯}) = PosF (V −\v¯, {w¯′})
( ) v¯′ ∈ V −, v¯′ M w¯ {v¯′} ↑ {v¯} v¯′ M u¯ v¯ # u¯ ∈ V N{u¯}
v′⊥v v′ < v V˜ = {v¯′ ∈ V − | v¯′ 6≥ v} PosF (V −, {w¯}) =
PosF (V˜ , {w¯}) PosF (V˜ \v¯) = PosF (V˜ ) L
v¯|w
→ P PosF (V −, {w¯})
= PosF (V˜ , {w¯}) = PosF (V˜ \v¯, {w¯′}) = PosF (V −\v¯, {w¯′}) 2
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A.22 V ↑ = V − ] {v¯} ⊆ Red(M), U↑ = U− ] {u¯} ⊆ Red(M), v¯ # u¯ ∈ V NU
PosF (V −, U−) = PosF (V −\v¯, U−\v¯)
( ) 〈v¯, u¯〉 ∈ V NU v = max(v¯, u¯) < max(v¯′, u¯′) v¯′ ∈ V −, u¯′ ∈ U−
w′ ∈ PosF (V −, U−) w′⊥v w′ < v
V˜ = {v¯′ ∈ V − | v¯′ 6≤ v}, U˜ = {u¯′ ∈ U− | u¯′ 6≤ v} PosF (V −, U−) =
PosF (V˜ , U˜) PosF (V˜ ) = PosF (V˜ \v¯), PosF (U˜) = PosF (U˜\v¯)
PosF (V −, U−) = PosF (V˜ , U˜) = PosF (V˜ \v¯, U˜\v¯) = PosF (V −\v¯, U−\v¯) 2
A.23 U↑ = U− ] {u¯} ⊆ Red(M), V ↑ = V − ] {v¯} ⊆ Red(M), v¯ # u¯ ∈ V NU ,
〈v¯; u¯〉 = w¯ = 〈w, L〉, L
v¯|w
→ P, w¯′ = 〈w, P 〉, C↑ ⊆ Red(P ) PosF (V −\v¯, C|w∪
(U−\v¯)) ⊂ PosF (V, U)
( ) PosF (w¯) = PosF (u¯) ∪ PosF (v¯), V − ↑ {v¯} PosF (V −, v¯) = ∅
PosF (V −, {w¯}) = PosF (V −, {u¯}) C ⊆ Red(P ) PosF (C) ⊆ PosF (P )
PosF (C|w) ⊆ PosF (w¯′) PosF (V −\v¯, C|w) ⊆ PosF (V −\v¯, {w¯′})
A.21, A.22, v¯ # u¯
P osF (V −\v¯, C|w ∪ U−\v¯) = PosF (V −\v¯, C|w) ∪ PosF (V −\v¯, U−\v¯)
⊆ PosF (V −\v¯, {w¯′}) ∪ PosF (V −, U−)
= PosF (V −, {w¯}) ∪ PosF (V −, U−)
= PosF (V −, {u¯}) ∪ PosF (V −, U−)
= PosF (V −, U)
⊂ PosF (V, U) 2
v¯ = 〈v, l1 → r1〉, u¯ = 〈u, l2 → r2〉 ∈ Red(M) (V (l1) ∩ V (l2) = ∅), v¯ # u¯ 〈v¯; u¯〉





l1 → r1 ∈ R1, l2 → r2 ∈ R2 v > u 〈P, Q〉 ∈ CPin(R1, R2) v = u
〈P, Q〉 ∈ CPout(R1, R2) V ↑, U↑ ⊆ Pat(M)
PosF (V, U) |M, V, U |
A.24
A.24 R1, R2
1. ∀〈P, Q〉 ∈ CPin(R1, R2), P −→◦ R2 Q




←−◦ R1 ◦ −→◦ R2 ⊆
∗
→R2 ◦ ←−◦ R1




−→◦ R2 N2 N1
∗
→R2 M
′ ←−◦ R1 N2
M ′ |M, V, U |
(B.S.) |M, V, U | = 0 V ↑ U A.12 N1
∗
→R2 M
′ ←−◦ R1 N2
M ′
(I.S.) |M, V, U | > 0 v¯ M u¯ v¯ ∈ V u¯ ∈ U 〈v¯, u¯〉 ∈ V NU ,
V − = V − {v¯}, U− = U − {u¯}





































−→◦ R2 Q C↑ ⊆
Red(P ) M = M [Lρ]w, N
′
1 = M [Pρ]w, N
′















































2 A.15 R1, R2
L A.5 U− ↑ {v¯} A.18(3) U−\v¯ ↑







−→◦ R2 N2 U
−\v¯ ↑ (C|w) A.13
N ′1
C|w∪(U−\v¯)
−→◦ R2 N2 A.23 PosF (V
−\v¯, (C|w) ∪ (U−\v¯)) ⊂
PosF (V, U) |N ′1, V




′ ←−◦ R1 N2 M
′
















































R2P S M = M [Lρ]w, N
′
1 = M [Pρ]w, N
′
2 =






























−→◦ R1 N1 〈v¯, u¯〉 ∈ V NU A.6 V
− ↑ 〈w, L〉
A.17 V −\v¯ ↑ {〈w, P 〉} A.19 V −\v¯  ~AM,ρ,w
































−→◦ R1 K A.15
R1, R2 L A.5 V
− ↑ {u¯} A.18(3)














1 A.23 PosF (U
−\u¯, (C|w) ∪ (V −\u¯)) ⊂
PosF (U, V ) |N ′2, U
−\u¯, (C|w)∪ (V −\u¯)| < |M, U, V |











A.25 R1, R2 ←−◦ R1 ◦ −→◦ R2 ⊆
∗





→R2 ◦ ←−◦ R1






′ ←−◦ R2 N2 M
∗
→R2 N2




→R2 N2 ←−◦ R1 N2
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(I.S.) M →R2 L
∗





1 ←−◦ R1 L N
′
1 ←−◦ R1 L
∗
→R2 N2
∃M ′, N ′1
∗
→R2 M




′ ←−◦ R1 N2 2

















































′ ∗←R1 N2 R1
R2 2
( 6.1.3 ) A.24 ←−◦ R1 ◦ −→◦ R2 ⊆
∗
→R2 ◦ ←−◦ R1
A.25, A.26 R1 R2 2
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